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operators) \sigma ) $\Sigma_{\mathrm{i}}\mathrm{J}$
VOA



























$(M, \mathrm{Y}^{M})\in \mathcal{M}$ $M$
$\mathrm{Y}^{M}$
$(\mathrm{Y}^{M}\mathrm{o}h)(a, z):=\mathrm{Y}^{M}(ha, z)$
$(M, \mathrm{Y}^{M}\mathrm{o}h)$ $V$- $V$- $M$
$(M\mathrm{o}h, \mathrm{Y}^{M_{\mathrm{O}}}h)$ $\mathcal{M}$
$\mathcal{M}$
$h$ [ $(M, \mathrm{Y}^{M}\mathrm{o}h)\simeq(M, \mathrm{Y}^{M})$ $(M, \mathrm{Y}^{M})$
$h$- $\phi_{h}\in GL(M)$
:
$\mathrm{Y}^{M}(ha, z)=\phi_{h}\mathrm{Y}^{M}(a, z)\phi_{h}^{-1}$ for $\forall a\in V$. (1)
$g\in \mathrm{A}\mathrm{u}\mathrm{t}(V)$ g- $\mathcal{M}_{g}$
$V$ g-





$(U=\oplus_{n=0}^{\infty}U_{n+h_{0}}, \mathrm{Y}^{0})$ $g$- V-
$\phi_{g}\in GL(U)$ (1) $(W_{g}^{i}=\oplus_{n=0}^{\infty}(W_{g}^{i})_{n/|g|+h:},$ $\mathrm{Y}9$
$(i=1,2)$ g- $V$- $V$
$(_{UW_{g}^{1}}^{W_{\mathit{9}}^{2}})$




$U=U^{0}\oplus U^{1}\oplus\cdots\oplus U^{|g|-1}$ , $U^{r}=\{u\in U|\phi_{g}\cdot u=e^{2\pi ir/|g|}u\}$.
$\phi_{g}$
$U\cross W_{g}^{1}arrow W_{g}^{2}$ $\phi_{g^{-}}$
1. $U\cross W_{g}^{1}arrow W_{g}^{2}$
$I$ : $U\otimes W_{g}^{1}$ $arrow$ $W_{g}^{2}\{z\}$
$u\otimes w^{1}$ $\vdash+$
$I(u, z)w^{1}= \sum_{s\in \mathbb{C}}(u_{s}w^{1})z^{-s-1}$
,$\cdot$
$\mathit{1}^{\text{ }}$ $u\in U^{r},$ $w^{1}\in W_{g}^{1}$
$I(u, z)w^{1}\in W_{g}^{2}((z))z^{-r/|g|-h_{0}-h_{1}+h_{2}}$ ;
$\mathit{2}^{\text{ }}$ $I(L(-1)u, z)= \frac{d}{dz}I(u, z)_{j}$
$\mathit{3}^{\mathrm{o}}$ $a\in V,$ $ga=e^{2\pi ir/|g|}a$ ( twisted Jaco$bi$ identity ;
$z_{0}^{-1} \delta(\frac{z_{1}-z_{2}}{z_{0}})\mathrm{Y}^{2}(a, z_{1})I(u, z_{2})-z_{0}^{-1}\delta(\frac{-z_{2}+z_{1}}{z_{0}})I(u, z_{2})\mathrm{Y}^{1}(a, z_{1})$
$=z_{2}^{-1} \delta(\frac{z_{1}-z_{0}}{z_{2}})(\frac{z_{1}-z_{0}}{z_{2}})^{-r/|g|}I(\mathrm{Y}^{0}(a, z_{0})u,$
$z_{2})$ .









$V\sim A(V)$ $V$- $W$ A(V)-
$A(W)$ $[\mathrm{F}\mathrm{Z}]_{\text{ }}V$- $I(\begin{array}{l}WVW\end{array})$
Li
[L];
1. (Li) $V$ ;
$I (\begin{array}{l}W^{2}W^{0}W^{1}\end{array})\simeq \mathrm{H}\mathrm{o}\mathrm{m}_{A(V)}(A(W^{0})\bigotimes_{A(V)}W^{1}(0),$ $W^{2}(0))$ .
$W^{:}(0)$ $W^{i}$ g\mbox{\boldmath $\tau$}
$A(V),$ $A(W)$ $A(V)$
$A_{g}(V)$ g- $V$- $A_{g}(V)-$
Dong, Li, Mason
[DLM] $A_{g}(V)$




$V=V^{0}\oplus V^{1}\oplus\cdots\oplus V^{|g|-1}$ .
$a\in V^{r},$ $u\in U$ $V$ $U$
$a \mathrm{o}_{g}u:={\rm Res}_{z}\frac{(1+z)^{\mathrm{w}\mathrm{t}a-1+_{\mathrm{n}g}^{r}+\delta_{r,0}}}{z^{1+\delta_{r,0}}}\mathrm{Y}^{U}(a, z)u$.
$a\in V^{0},$ $u\in U^{0}$ [ 4 $\mathrm{a}$
$a*_{g}u:={\rm Res}_{z} \frac{(1+z)^{\mathrm{w}\mathrm{t}a}}{z}\mathrm{Y}^{U}(a, z)u$




$O_{g}(U):=\langle a\mathrm{o}_{g}u|a\in V, u\in U\rangle$
$g=1$
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2. $A,(U)\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT} U^{0}/O_{g}(U)\cap U^{0}$ $*$, $A_{g}(V)-$
$A_{g}(V)$- $A_{g}(U)$
$W_{g}^{i}=\oplus_{n\in^{1}\mathbb{Z}}\Pi g(W_{g}^{i})_{n+h:}$ g- V-
$(W_{g}^{i})_{h}.\cdot$ $\nu V_{g}^{i}(0)$ $I$ $U\cross W_{g}^{1}arrow W_{g}^{2}$
$U$ $I$ ( ) $\mathit{0}^{I}$
$\mathit{0}^{I}$
$W_{g}^{1}(0)$ $W_{g}^{2}(0)$









3. $V$ $g$ -rational $VOA$ $\text{ }$ $W_{g}^{1},$ $W_{g}^{2}$ $g$ -twisted V-module
I\mapsto o\fallingdotseq :
$I_{\phi} (\begin{array}{l}W_{g}^{2}UW_{g}^{1}\end{array})\simeq \mathrm{H}\mathrm{o}\mathrm{m}_{A_{g}(V)}(A_{g}(U)\bigotimes_{A_{g}(V)}W_{g}^{1}(0),$ $W_{g}^{2}(0))$
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4$g,$ $h\in \mathrm{A}\mathrm{u}\mathrm{t}(V)$ $gh=hg$
\S 2 g-
$V$- $\mathcal{M}_{g}$ $h$
$(W, \mathrm{Y})\in \mathcal{M}_{g}$ $W\mathrm{o}h^{s}\simeq W$ $s\geq 0$
$i=0,1,$ $\ldots,$ $s-1$ $(W\mathrm{o}h^{i}, \mathrm{Y}\mathrm{o}h.\cdot)$
$(W\mathrm{o}h^{i}, \mathrm{Y}\mathrm{o}h^{j})\simeq(W:, \mathrm{Y}:)$ $(W^{j}, \mathrm{Y}^{:})\in \mathcal{M}_{g}(i=0,1, \ldots, s-1)$
( $W=W^{s}=W^{0}$ )
$\psi_{i}$ : $W^{i+1}arrow W.\cdot$ ;
$\mathrm{Y}^{j}(ha, z)\psi.\cdot=\psi_{i}\mathrm{Y}^{i+1}(a, z)$ .
$\overline{W}=W^{0}\oplus W^{1}\oplus\cdots\oplus W^{s-1}$ ( $V$- ), $\overline{\psi}_{h}:=\psi_{0}\oplus\psi_{0}\oplus\cdots\oplus\psi_{s-1}$
$\overline{\psi}_{h}$ $\overline{W}$
$\mathrm{Y}^{W}(ha, z)\overline{\psi}_{h}=\overline{\psi}_{h}\mathrm{Y}^{W}(a, z)$.
$\overline{W}$ $h$- $\mathcal{M}$ $h$
$h$- $V$- h-
$V$- $h$- V-
$U$ g- l\acute \supset h- $V$- $g,$ $h$ (1) $U$




$\overline{\psi}_{h}I(u, z)=I(\phi_{h}u, z)\overline{\psi}_{h}$ . (2)
$I$ $h$- g- $V$- $\overline{W}$
:
$S^{I}(u, \tau):=z^{\mathrm{w}\mathrm{t}u}\mathrm{t}\mathrm{r}|_{W}I(u, z)\overline{\psi}_{h}^{-1}q^{L_{0}-c/24}$ , $q=e^{2\pi}:_{\mathcal{T}}$ .
\mbox{\boldmath $\delta$}1 E\downarrow
VOA $V$ VOA
2. $(V, \mathrm{Y}(-, z), \mathrm{I},\omega)$ $VOA$
$\mathrm{Y}[a, z]=\mathrm{Y}(a, e^{z}-1)e^{\mathrm{w}\mathrm{t}(a)z}=\sum_{n\in z}a_{[n]}z^{-n-1}$
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$(\ovalbox{\tt\small REJECT} \mathrm{Y}\ovalbox{\tt\small REJECT}, z],$ $1,\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT}\omega-\ovalbox{\tt\small REJECT} 1)$
$\mathrm{W}A$ $\ovalbox{\tt\small REJECT} A$
$U$ $V$- $V$-
$\tilde{\omega}$ $\mathrm{Y}[\tilde{\omega}, z]=\sum_{n\in \mathbb{Z}}L[n]z^{-n-1}$ $L[0]$
$U=\oplus^{\infty}Un=0[n+h]$ $h$ $U$
$U$ ( $C[2,0]$- )
3. $U$ $C[2,0]$ - [ $C[2,0](U):=\langle a[-2]u,$ $b[0]u|a\in V,$ $b\in$
$V^{\langle g,h\rangle},$ $u\in U\rangle$ $\dim(U/C_{[2,0]}(U))<\infty$
$\mathrm{C}_{1}(g, h)$ $\Gamma(g, h)$ $a\equiv d\equiv 1$
$(\mathrm{m}\mathrm{o}\mathrm{d} 1\mathrm{c}\mathrm{m}(|g|, |h|)),$ $b\equiv 0(\mathrm{m}\mathrm{o}\mathrm{d} |g|),$ $c\equiv 0(\mathrm{m}\mathrm{o}\mathrm{d} |h|)$ $(\begin{array}{ll}a bc d\end{array})$
$SL_{2}(\mathbb{Z})$ $M(g, h)$ $\Gamma(g, h)$
$U(g, h)=M(g, h)\otimes_{\mathbb{C}}U$ $O(g, h)$ $U(|g|, |h|)$
$M(|g|, |h|)$- ;
$a[0]u,$ $a\in V^{\langle g,h\rangle},$ $u\in U$ ,
$a_{[-2]}u+ \sum_{k=2}^{\infty}(2k-1)E_{2k}(\tau)\otimes a_{[2k-2]}u,$
$a\in V^{\langle g,h\rangle}$ ;
$u,$ $\phi_{g}u=\mu u,$ $\phi_{h}u=\lambda u,$ $\mu,$ $\lambda\in \mathbb{C},$ $(\lambda, \mu)\neq(1,1)$ ;
$\sum_{k=0}^{\infty}Q_{k}(\mu, \lambda, \tau)\otimes a[k-1]u,$ $ga=\mu a,$ $ha=\lambda a,$ $\mu,$ $\lambda\in \mathbb{C},$ $(\mu, \lambda)\neq(1,1)$ .
$E_{2k}(\tau),$ $Q_{k}(\mu, \lambda, \tau)$ [DLM]
$\mathrm{C}_{1}(g, h)$ $\mathcal{H}$
$S$ : $U(g, h)\cross \mathcal{H}arrow \mathbb{C}$
(C1) $S(u, \tau)$ $\tau\in \mathcal{H},$ $u\in U(g, h)$ ( $1\mathrm{J}$ ;
(C2) $S(u, \tau)$ $M(g$ , hY $f\in M(g, h),$ $u\in U$
$S(f\otimes u, \tau)=f(\tau)S(u, \tau)$ .
(C3) $u\in O(g, h)$ ( $S(u$ , \mbox{\boldmath $\tau$} $)$ =0
(C4) $u\in U^{\langle\phi_{g},\phi_{h}\rangle}$
$S(L[-2]u, \tau)=\frac{1}{2\pi i}\frac{d}{d\tau}S(u, \tau)+\sum_{l=1}^{\infty}E_{2l}(\tau)S(L[2l-2]u, \tau)$ .
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$f(\tau)$ $\mathcal{H}$ $\gamma=(\begin{array}{ll}a bc d\end{array})\in SL_{2}(\mathbb{Z})$ $k\in N$
$(f|_{k}\gamma)(\tau)=(c\tau+d)^{-k}f(\gamma\tau)$
[DLM]
4. $S\in \mathrm{C}_{1},$ $\gamma=(\begin{array}{ll}a bc d\end{array})\in SL_{2}(\mathbb{Z}),$ $u\in U[k]$
$S|\gamma(u, \tau):=S|_{k}\gamma(u,\tau)=(c\tau+d)^{-k}S(u, \gamma\tau)$
$S|\gamma\in \mathrm{C}_{1}(g^{a}h^{c},g^{b}h^{d})$
$\mathrm{C}_{1}(g, h)$ $\Gamma(g, h)$
$S^{I}$ $\mathrm{C}_{1}(g, h)$
$\ovalbox{\tt\small REJECT}^{\mathrm{J}}$ $S^{I}$ $\mathrm{C}_{1}(g, h)$
5. $U$ $\langle g, h\rangle$ - $V$ - C[2,O1-
$\overline{W}$ $h$ - $g$ - $V$ - $U\cross\overline{W}arrow\overline{W}$
$I$ (2) $I$








( ) $T(u, \tau)=q^{\lambda}\sum_{n=0}^{\infty}\alpha_{n}(u)q^{n/|g|}$
$\alpha_{0}$ : $Uarrow \mathbb{C}$
1. $\alpha_{0}$
(i) $ga=a,$ $ha=\xi a,$ $a\in V,$ $\phi_{g}a=a,$ $\phi_{h}a=(a,$ $u\in U,$ $\xi,$ $\zeta\in \mathbb{C}$
$\alpha_{0}(a*_{g}u)=\xi^{-1}\delta_{\xi\zeta,1}\alpha_{0}(u*_{g}a)$ ;
(ii) $u\in O_{g}(U)$ $\alpha_{0}(u)=0_{i}$
















6. $U$ $\langle g, h\rangle$ - $V$ - $C[2,0]$ - &
$\{(\overline{W}_{g}^{1}, \psi_{h})\}_{i=1,\ldots,m}$ $h$ - $g$ - $V$ - $I\in I_{\phi}(_{U_{g}^{\frac{g}{W}}}^{\overline{W}}..\cdot)$
(2) $\phi_{g}$ - $I$
$S^{I}(u, \tau)=z^{\mathrm{w}\mathrm{t}u}\mathrm{t}\mathrm{r}|_{W}I(u, z)\psi_{h}^{-1}q^{L_{0}-c/24}$
$q=e^{2\pi i\tau}$ $\tau\in H$
$\langle S^{I}\rangle$ $\Gamma(g, h)$
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